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Abstract. 



We discuss the global regularity of 2 dimensional minimal sets that are near a union of two planes, 
and prove that every global minimal set in IR 4 that looks like a union of two almost orthogonal planes 
at infinity is a cone. The main point is to use the topological properties of a minimal set at a large scale 
to control its behavior at smaller scales. 
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1 Introduction 

This paper deals with the local (resp. global) regularity of two-dimensional minimal sets in M 4 that 



looks like the union of two almost orthogonal planes locally (resp. at infinity). The motivation is that 
f^ we want to decide whether all global minimal sets in M. n are cones. 



This Bernstein type of problem is of typical interest for all kinds of minimizing problems in geometric 
measure theory and calculus of variations. It is natural to ask how does a global minimizer look like, 
as soon as we know already the local regularity for minimizers. Well known examples arc the global 
regularity for complete 2-dimcnsional minimal surfaces in IR 3 , area or size minimizing currents in R n , or 
global minimizers for the Mumford-Shah functional. Some of them admit very good descriptions. See 
[2, 13, 12, 4] for further information. 

Here our notion of minimality is defined in the setting of sets. Roughly speaking, we say that a set 
E is minimal when there is no deformation F = <p(E), where </j is Lipschitz and ip(x) — x is compactly 
supported, for which the Hausdorff measure H 2 (F) is smaller than H 2 (E). More precisely, 

Definition 1.1 (Almgrcn competitor (Al competitor for short)). Let E be a closed set in an open subset 
U of W 1 and d < n — 1 be an integer. An Almgren competitor for E is a closed set F C U that can be 
written as F — tpi(E), where ip t : U — > U is a family of continuous mappings such that 

(1.2) <fio{ x ) — x f or x € U; 



(1.3) the mapping (t,x) — > (pt{x) of [0, 1] x U to U is continuous; 

(1.4) ipi is Lipschitz, 

and if we set W t = {x e U ; ipt{x) ^ x} and W = Ute[o i]\Wt u Vt(Wt)], then 

(1.5) W is relatively compact in U. 

Such a (pi is called a deformation in U , and F is also called a deformation of E in U. 

Definition 1.6 ((Almgren) minimal sets). Let < d < n be integers, U an open set o/R™. A closed 
set E in U is said to be (Almgren) minimal of dimension d in U if 

(1.7) H d (E flB)<oo for every compact ball B C U, 
and 

(1.8) H d (E\F) < H d (F\E) 
for all Al competitors F for E. 

This notion was introduced by Almgren to modernize Plateau's problem, which aims at understand- 
ing physical objects, such as soap films, that minimize the area while spanning a given boundary. The 
study of regularity and existence for these sets is one of the canonical interests in geometric measure 
theory. 

Our goal is to show that every minimal set in K™ is a cone. The general idea is the following. 
Let £ be a d— dimensional reduced Almgren minimal set in R™. Reduced means that there is no 
unnecessary points. More precisely, we say that E is reduced when 

(1.9) H d (E n B(x, r)) > for x € E and r > 0. 

Recall that the definition of minimal sets is invariant modulo sets of measure zero, and it is not hard 
to see that for each Almgren (resp. topological) minimal set E, its closed support E* (the reduced set 
E* C E with H 2 (E\E*) = 0) is a reduced Almgren (resp. topological) minimal set. Hence we can 
restrict ourselves to discussing only reduced minimal sets. 

Now fix any x € E, and set 

(1.10) 6 x {r) = r - d H d (EnB{x 1 r)). 

This density function 9 X is nondecreasing for r g]0,oo[ (cf.[5] Proposition 5.16). In particular the two 
values 

(1.11) 6{x) = lim 6M) and O^x) = lim BM) 

J-J-0+ t-s-oo 

exist, and are called density of E at x, and density of E at infinity respectively. It is easy to see that 
9 00 {x) does not depend on x, hence we shall denote it by 9^. 

Theorem 6.2 of [5] says that if E is a minimal set, x € E, and 6 x {r) is a constant function of r, then 
E is a minimal cone centered on x. Thus by the monotonicity of the density functions 9 x (r) for any 



X G E, if we can find a point ie£ such that 9(x) — 9^, then E is a cone and we are done. 

On the other hand, the possible values for 9(x) and 9^ for any E and x G E are not arbitrary. 
By Proposition 7.31 of [5], for each x, 9(x) is equal to the density at the origin of a d— dimensional 
Al-minimal cone in M™. An argument around (18.33) of [5], which is similar to the proof of Proposition 
7.31 of [5], gives that 9{x) is also equal to the density at the origin of a d— dimensional Al-minimal cone 
in W 1 . In other words, if we denote by Qd.n the set of all possible numbers that could be the density 
at the origin of a d— dimensional Almgren-minimal cone in R™, then 9^ G &d,m and for any x G E, 

9{x) G @ d ,n- 

Thus we restrict the range of 9^ and 9(x). Recall that the set <dd,n is possibly very small for any d 
and n. For example, 2] 3 contains only three values: 1 (the density of a plane), 1.5 (the density of a Y 
set, which is the union of three closed half planes with a common boundary L, and that meet along the 
line L with 120° angles), and dx (is the density of a T set, i.e., the cone over the 1-skeleton of a regular 
tetrahedron centered at 0). (See the figure below). 




a Y set a T set 

Recall that the reason why 9^ has to lie in @d, n is that, for any Al-minimal set E, all its blow-in 
limits have to be Al-minimal cones (cf. Argument around (18.33) of [5]). A blow-in limit of E is the 
limit of any converging (for the Hausdorff distance) subsequence of 

(1.12) E r =r 1 £,r->oo. 

Hence the value of 9^ implies that at sufficiently large scales, E looks like an Al-minimal cone of 
density #00. 

This is the same reason why 9(x) G &d.n- Here we look at the behavior of E r when r — > 0, and the 
limit of any converging subsequence is called a blow-up limit (this might not be unique!). Such a limit 
is also an Al-minimal cone C (cf. [5] Proposition 7.31). This means, at some very small scales around 
each x, E looks like some Al-minimal cone C of density 9(x). In this case we call x a C type point of E. 

After the discussion above, our problem will be solved if we can prove that every minimal cone C 
satisfies the following property: 

There exists e — ec > 0, such that for every minimal set E, if e?o.i(C, E) < e, then 



(1.13) 



there exists x G E n -6(0, 1) whose density 9{x) is the same as that of C at the origin. 



Here d x>r stands for the relative distance in the ball B(x, r): for any closed sets E and F, 

(1.14) d x r (E, F) = - max{sup{(%, F) : y e E n B(x, r)}, sup{%, E) : y e F n B(x, r)}}. 

r 

The discussion above uses only the values of densities at small scale and at infinity. A geometric 
intepretation is: there exists igEfl -B(0, 1) such that a blow-up limit C x of E at x admits the same 
density as C at the origin. 

So far we know that (1.13) is true for the planes and Y sets (see [5] Proposition 16.24). We do not 
know any minimal cone that does not verify the property (1.13). But there are at least two minimal 
cones for which we do not know whether (1.13) holds, either: the T set, and the sets Y xY E M 4 , whose 
minimality has recently been proved in [11]. The topology of the set Y x Y is more complicated than 
that of T sets, and the situation of T sets is already tricky, see [10] for more detail. 

In this paper we prove the property (1.13) for the unions of two almost orthogonal planes. Recall 
that in [9], we have proved the following 

Theorem 1.15 (minimality of the union of two almost orthogonal planes, cf. [9] Thm 1.24). There 
exists < ^o < f ; such that if P 1 and P 2 are two planes in R 4 whose characteristic angles (ai,a2) 
satisfy 02 > ol\ > 9, then their union P 1 UP 2 is a minimal cone in M 4 . 

Here the characteristic angles describe the relative position between planes. Two planes P 1 and 
P 2 have characteristic angles (ai,0C2) with 02 > ol\ > 9 means that there exists an orthonormal basis 
{ei}i<i<4 of M 4 such that P^ is generated by e\ and e2, and P 2 is generated by cosoiei + sinoie3 and 
cosa2e2 + sina2e4. Each pair of o = (ai, 0,2) with 02 > a\ > 9 gives a minimal cone P a = P 1 U a P 2 , 
and the origin is called a singularity of type P Q in the set P a . These gives a continuous family of minimal 
cones with the same density at the origin, any two of which are not C 1 equivalent to each other. But 
still, we give them a general name, that is, each singularity of type P a is a singular point of type 2P. 

So let us state our main results. 

Theorem 1.16. There is an angle 9\ € [#o> f )> (where 9q is the 9$ in Theorem 1.15), and A > 0, such 
that for any a = (0:1,012) with 02 > oi > $1, if E is a 2- dimensional reduced Almgren minimal set 
in U C M 4 7 B(x,r) C U, and there is a reduced minimal cone P a of type V a centered at x such that 
d xr (E,P a ) < A, then ED B{x, r/100) contains (at least) a 2P type point. 

A direct corollary to this is the expected global regularity for minimal sets that look like a union of 
two plane at the infinity: 

Theorem 7.1. Let 9\ be as in Theorem 1.16. Then for any a = (01,02) with 02 > a± > $\, if E is 

a 2-dimensional reduced Almgren minimal set in M 4 such that one blow-in limit of E at infinity is P a 
(i.e., there exists a sequence of numbers r n — » oo, and the sequence of sets r~ 1 {E) converge to P a under 
the Hausdorff distance as n — > 00 ), then E is a¥ a set. 



Besides the global regularity, the property (1.13) helps also to control the the relative distances d x>r 
between a minimal set and minimal cones in the balls B(x, r) and the local speed of decay of the density 
function 9 x {r), because this property gives a lower bound of 6 x (r). When we prove (1.13) for a minimal 
cone C, we can get nicer local regularity results, that is, if a minimal set is very near C in a ball, then 
it should be equivalent to C in a smaller ball through a bi-H61der homcomorphism (C 1 diffeomorphism 
in good cases). So here Theorem 1.16 has another useful corollary: 

Theorem 7.2. Let 0\ be as in Theorem 1.16. Then there exists a e > such that for any a — (011,0:2) 
with a-i > ol\ > 9\, if E is a 2- dimensional reduced Almgren minimal set inU G R , B(x, lOOr) C U, and 
there is a reduced minimal cone P a + x of type P a centered at x such that d x ,WQr{E, Pa) < £, then there 
exists a minimal cone P a > of type 2P such that there is a C 1 diffeomorphism $ : B(x, 1r) — > §>(B(x, 2r)), 
such that |$(y) - y\ < lCT 2 r for y e B{x,2r), andEC\B{x,r) = $(P a /) f~l B(x,r). 

The proof of Theorem 1.16 will keep us busy until the end of Section 6, but let us already try to 
explain how it goes. 

First notice that Theorem 1.16 is invariant under translation with respect to x, and homogenous 
with respect to r, so we can only restrict to the case where x — and r = 1. 

Section 2 is devoted to giving some regularity properties for a minimal set E that is close to P a , but 
does not contain any point of type 2P. In particular, we use a stopping time argument to find a critical 
region, outside of which everything goes fine, and inside of which things begin to go bad. Here "bad" 
means that the set begins to get far away from P a . The main idea is to control the measure of E in the 
good region by finer estimates, since there we have good regularity properties; and for the bad region 
we only control its measure roughly by projections. Part of the argument will be similar to the proof of 
minimality of P a . 

Section 3 is quite short, where we sum up a little what happens, and give a competitor for E, using 
minimal graphs. 

Section 4 and 5 are devoted to giving some estimates for minimal graphs, using some basic estimates 
for elliptic systems. This leads to some useful control on the measure of the competitor defined in 
Section 3. 

In Section 6 we conclude, using harmonic extensions and projection properties of the competitor. 

We discuss the global regularity and local C 1 regularity of minimal sets that are near a P a cone in 
Section 7. 

In this article, some of the results and arguments cited in [5] exist also in some other (earlier) 
references, e.g. [14]. But for simplify the article, the author will cite [5] systematically throughout this 
article. 
Some useful notation 

In all that follows, minimal set means Almgren minimal set; 



[a, b] is the line segment with end points a and b: 
[a, b) is the half line with initial point a and passing through 6; 
B(x,r) is the open ball with radius r and centered on x; 
B(x,r) is the closed ball with radius r and center x; 
ab is the vector b — a; 

H d is the Hausdorff measure of dimension d ; 

cIh(E,F) — max{sup{d(y, F) : y G E, sup{d(y, E) : y e F}} is the Hausdorff distance between two 
sets E and F. 

d x _ r : the relative distance with respect to the ball B(x,r), is defined by 

d x , r (E, F) = - max{sup{(%, F) : y e E n B(», r)}, sup{d(y, E) : y e F n B(a;, r)}}. 

r 

2 A stopping time argument, and regularity and projection 
properties for minimal sets near P a 

In this section we use a stopping time argument to control some large scale behavior for minimal sets 
that near P a . Let us first introduce some notation. 

For each a = (ai, otz) € [0, §] 2 and i = 1, 2, denote by P Q = P^ U P 2 , where P^ and P 2 are two 
planes in R with characteristic angles (ai, 02) (this is equivalent to say that there exists an orthonormal 
basis {ej}!<i<4 of M 4 such that P 1 , is generated by e\ and e2, and Pj is generated by cos a.\e\ + sin aie3 
and cos a2e2 + sin 0264). Set 

(2.1) Ci(x,r) = (pi)- 1 (B(0,r)nPi)+x, 
where p l a is the orthogonal projection on P^, and 

(2.2) D a (x,r) = Cl(x,r)nCl{x,r). 

So C^(x,r) is a cylinder and D a (x,r) is the intersection of two cylinders. It is not hard to see that 
D a (x, r) D B(x, r) and D a (0, 1) n P a = B(0, 1) n P a . 

We say that two sets E, F are er near each other in an open set U if 

(2.3) d rtU {E,F)<e 1 
where 

(2.4) d r u(E, F) = - max{sup{(i(j/, F):y£EnU}, sup{d(y, E) : y e P n P}}. 

r 

We set also 

dxr( E 'F) = dr : D a (x,r){E,F) 

(2.5) j 

= - max{sup{d(y, F) : y G E D D a (x, r)}, sup{d(y, E) : y e F D D a (x, r)}}. 
r 



Remark 2.6. We should be clear about the fact that 

(2.7) d rU (E,F)^-d H (EnU,Fr\U). 

r 

To see this, we can take U = D a (x, r), and set E n = dD a (x, r + — ) and F n = dD a (x, r — -). Then we 
have 

(2.8) d% r {E n ,F n )^() 
and 

(2.9) -d H (E n n D a (x, r),F n n D a (x, r)) = -<**(£„ n D a (», r), 0) = oo. 

r r 

So dru measures rather how the part of one set in the open set U could be approximated by the other 
set, and vice versa. However we always have 

(2.10) d a xr {E,F) < -d H (EnD a (x,r),FnD a (x,r)). 

r 

Now we give the proposition below, obtained by a stopping time argument. 

Proposition 2.11. There exists eo > 0, such that for any e < eo, and a > Z, if E is a closed reduced 
set which is minimal in D a (0, 1), d$ X (E, P a ) < A, and E contains no 2P point in -6(0, jkft), then there 
exists rE G]0, g [ and oe G B(0, 12e) such that E is lev e nearP a + OE in -D Q (c>£:, 2t\e(1 — 12e)), but not 
erE near P a + q in D a (oE, rE) for any q G K . 

Remark 2.12. We will also use the construction for information about intermediate scales in the proof. 

Proof of Proposition 2.11. 

We fix any e and a — (ai,a2) > § , and set Si = 2~ l for i > 0. Set D(x,r) — D a (x,r),d x ,r = df. r 
for short. 

We proceed in the following way. 

Step 1: Denote by qa = qi = O, then in D(q 0l s ), E is es near P a + g! by hypothesis. 

Step 2: If in D(gi, Si), the set -E is not es± near P a + q for any </, we stop; if not, there exists a q2 
such that E is esi near P a + 52 in D(q\, s\). Here we also ask e to be small enough (say, e < j™) so 
that (72 € D(qi, 2*1), thanks to the conclusion of step 1. Then in D(qi, s\), we have simultaneously : 

(2.13) d quSl (E, P a + qi ) < s^d qo , 3o {E, P a + qi ) < 2e ; d quSl (E, P a + q 2 ) < e. 

Let us verify that (2.13) implies that d qi i Sl (P a + qi,Pa + 92) < 12e when e is small, say, e < jig. 
In fact, for each z G D(qi, gSi) fl (P a + <?i), we have d(z,E) < d qo ^ So (E,P a + qi) < e, hence there exists 
y E E such that d(z,y) < e. But since z € D(q\, |si), we have y G D(qi, |si + e) C D(gi,Si), and 
hence c%, P Q + g 2 ) < sT/ 1 ^,^ (-^i -Pa + 92) < 2e, therefore d(z, P Q + q 2 ) < d(z, y) + d(y, P a + q 2 ) < 3e. 

On the other hand, suppose z G D(qi, 2 si) H (P Q + 92), we have d(z, E) < s^ d qitSl (P a + q 2 , E) < 2e, 
hence there exists y G E such that d(z, y) < 2e. But since z G D(qi, 2 s i): we have y G D(q\, ^ s i +2e) C 



D(qo,So), and hence d(y,P a + gi) < d q0tSo (E,P a + gi) < e, which implies d(z,P a + gi) < d(z,y) + 
%,P« + 9i)<3e. 
As a result 

(2-14) d gii|si (P Q + g!,P a + &) < (^x)" 1 x3e= 12c, 

hence d 1 (91,(72) < 24e, and therefore d{q\,q2) < 6e = 12es!. 

Now we define our iteration process (notice that it depends on e, so we also call it a e-process). 
Suppose that all {qi}i< n have already been defined, with 

(2.15) d(q h q l+1 ) < 12s,e = 12 x 2~ l e 
for < i < n — 1 , and hence 

(2.16) d( qi , qj) < 24e Smin(2j) = 2" ™<«) x 24e 

for < i, j < n. Moreover, for alii < n— 1, E is es^ near P Q + <7i+i in D(gi, Sj). We say that the process 
does not stop at step n. In this case 

Step n+1 : We look at the situation in D(q n ,s n ). 

HE is not e near any P a +q in this ball of radius s n , we stop, since we have found the Ok = q n , He = s n 
as desired. In fact, since d(q n -i,q n ) < 12es„_i, we have D(q n ,2s n (l — 12e)) = D(q n ,s n -i(l — 12e)) C 
D(q n _i, s n _i), and hence 

d qn ,2s n (l-12e)(Pa + q n , E) < (1 - Ue)' 1 d qn _ uSn _, (P a + q n ,E) 
(2.17) 

< . 

~ 1 - 12e 

Moreover 

(2.18) d(o k ,0) = d(q n , qi ) < 2- min (^") x 24e = 12e. 

Otherwise, we can find a q n +i € R such that E is still es n near P a + q n +i in D(q n , s n ). Then since 
e is small, q n +\ G D(q n , \s n ). Moreover we have as before d(q n +\, q n ) < 12es n , and for i < n — 1, 

n n 

(2.19) <%,g„+i) < ^2d(qj,q j+ i) < ^ 12 x 2^'e < 2~ J ' x 24e = 2- min ^" +1 ) x 24e. 

Thus we have obtained our q n +i- 

Now all we have to do is to prove that for every e small enough, this process has to stop at a finite 
step. For this purpose we need the following proposition. 

Proposition 2.20. There exists 9[ G [8q, %), and for any I €]0, V\, there exists e; €]0, i[, such that for 
any a > 0[, e < ei, and E as in Proposition 2.11, if the e— process does not stop before the step n, then 

(1) The part EC] (D a (0, §§)\-D Q (<7n, yo s ™)) * s com yosed of two disjoint pieces G l , i = 1, 2, such that: 

39 1 i 

(2.21) G l is the graph of a C 1 map g* : Q(0, -)\C l a {q n , -s n ) H P* a -+ P* a 



with 

(2-22) ||V^|U<Z<i; 

(2) For every ^s n <t<s n 

(2.23) E n (D a (0, l)\D a (q n ,t)) = G\ U G\ 

where G\ , G^ do not meet each other. Moreover 

(2-24) Pi n (£> a (0, l)\Cr a (q n ,t)) C pj,(GJ) 

where p\ is the orthogonal projection on P l a ,i = 1,2; 

Remark 2.25. If we take the optimal t\ for each I such that Proposition 2.20 holds, then obviously for 
any I < V , e L < z v . 

We will not prove this proposition, see [9] Proposition 6.1 (1) (2) for the proof. But we'll use it to 
finish our Proposition 2.11. 

Remark 2.26. In fact we need all the properties stated in [9] Proposition 6.1 for our set E. For (1) 
and (2) in [9] Proposition 6.1, the arguments there can be applied directly here to our set E with no 
change. But for (3) and (4), the proof in [9] Proposition 6.1 uses some special property of Ek, which 
are not necessarily true for our set E here. Hence we will treat the property of surjective projections ( 
(4) of [9] Proposition 6. 1) later in a different way. 

So let eo be the ei in Proposition 2.20. Suppose that the e— process does not stop at any finite step, 
and we'll try to get a contradiction. By (1) of Proposition 2.20, for any n, Er\(D a (0, l)\D a (q n , j?jS n )) is 
composed of two disjoint graphs G l on [C l a (0, l)\G n a (q n , ^s n )]C\P l a ,i = 1, 2. Denote by A„ = D a (q n ,s n ). 

Notice that by (2.19), with e < j^, the sets A„ = D a (q n , s n ) are in fact a sequence of non degenerate 
compact balls, with 

(2.27) A„ C A„_i,n e N, lim diam(A„) ->• 0, 

n— »oo 

Hence there exists a point p G B(0, g), such that {p} = fl„A n . Then p is also the limit of q n , hence it 
lies in B(0, ygg). By (1) of Proposition 2.20, for any r <G (0, |), E n D(p, |)\£>(p, r) is composed of the 
union of two disjoint graphs on P^r\G^(p, \)\C l a {p,r). As a result , EC\D(p, \)\{p] is composed of two 
C 1 graphs on P % a D C l a (p, \)\{p}- Denote by G % these two graphs. By (2.22), they are both |-Lipschitz. 
Now E is closed hence p € E. Then for each i = 1, 2, G % U {p} is a ^-Lipschitz graph on P l a fl C„(p, |), 
and hence E n D a (p, ^) is composed of the disjoint union of these two ^-Lipschitz graphs. Now we 
define Lp : E n D a (p, \) —¥ P a + p, where the restriction of cp to each G l U {p} is just the orthogonal 
projection to P l a + p. Then it is easy to check that ip is a Lipschitz homeomorphism. That is, E is 
bi-Lipschitz homeomorphic to P a in D a (p, g). 

We want to prove that p is a point of type 2P. Take any blow-up limit C of E at the point p. Then 
C is a minimal cone. By the bi-H61der regularity for 2-dimensional minimal sets, near the point p, E 



is locally bi-H61dcr equivalent to C . But E is also bi-Lipschitz equivalent to p a near p, hence the two 
minimal cones P a and C axe topologically the same. As a consequence, P a n dB(0, 1) and C n dB(0, 1) 
are topologically the same, therefore, C dB(0, 1) is the union of two topological circles. But by the 
description of 2-dimcnsional minimal cones (cf.[5], Proposition 14.1), the intersection of any minimal 
cone with the unit sphere is a finite union of great circles and arcs of great circles that meet at their 
extremities by group of three with 120° angles. Here in our case, we can deduce that C n dB(Q, 1) is 
the union of two circles. Hence C is a minimal cone of type 2P. 

Hence the point p is a point of type 2P. This contradicts the fact that E n -6(0, y^,) contains no 
point of type 2P, because p <G -B(0, j^g)- 

Thus we complete the proof of Proposition 2.11. □ 

Next we still have to prove some property of surjective projection, as remarked in Remark 2.26. 

Proposition 2.28. Take e < 6q, and take a and E as in Proposition 2.20. Then for any n > 1, if 
the e— process does not stop before the step n, then the orthogonal projections p l a : E n D a (q ni t) — > 
P % a n C a (q n , t),i = 1,2 are surjective, for all |s„ < t < s n . 

Proof. Fix a such n. Set s, = 2~* for i > 0. Set D(x,r) = D a (x,r),C l (x,r) — C^(x,r),d x . r — df. r for 
short. By (1) of Proposition 2.20, the part E n (D a (0, ^)\D a (q n , jqS u )) is composed of two disjoint 

pieces G l ,i — 1,2, such that: 

39 1 i 

(2.29) G l is the graph of a C 1 map g' : C* (0, -)\C n a (q n , -s n ) ni^^i^ 

with 

(2-30) HV^IU < \. 

Thus G i n dC l (0, §§) is a nice C 1 curve, which is the graph of g l on P l a n dC l (0, §§), and g l is 
i-Lipschitz. Denote by j l = g l \pinac i (o, s ^)- Then | |'y*l I oo < jq by hypothesis. 

Now we define a set Q as follows. First, Q C 5(0, 1), and Q\D(0, §§) = E\D(0, §§). Inside D(0, |), 
Q n Z)(0, |) = P a n 15(0, |), the union of two planes. For the part on the annulus D(0, §§)\Z)(0, |), 
we just use two graphs of affine functions to join P % a ("1 dD(0, |) and 7*. That is, we define h % : 
K n £>(0, i)\^(0, |) -> P^, for any xeP^n D(0, §)\D(0, §)(§ , § ), ft*(s) = ^| 7 *(^). 

40 4 ' ' 

Thus for any x € D(0, f )\Z>(0, f ), | J^(x)| = ^^ Jj|)| < f ^ < JL < ^, and |^(x)| < 
Lipi^f) < g, hence the tangent direction derivative is less than 

< 2 - 31 > U^A'hl- 

Hence we have 

(2.32) Lip h l < max{ — , -} = -. 

y J y ~ 1 2000'3 J 3 

Thus the map H l : P l a C\ D(0, f§)YD(0, |) -)• K 4 : x ^ {x,ti{x)) is (1 + (|) 2 )5 = ^"Lipschitz. So if 
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we denote by S 1 the graph of h 1 , then 

39 3 i/T3 39 3 

p 2 (s*) = H 2 (W(p* a n £>(o, ^)\£»(o, t)) < ( V) 2 )^ 2 ^ n ^°' z^(°' 7)) 

(2.33) 40 4 3 40 4 

v ' 897 9tt 

= 1600"-16' 2 = 1 ' 2 - 




X0,~) 

4 



2-1 
Let Q = [E\D(0, §§)] U S 1 U E 2 U [P Q n D(0, |)], and Q = Qn D(0, §). (See Figure 2-1.) Set 
Q { = S l U [f* n D(0, |)], then Q is the almost disjoint union Q 1 U Q 2 . For each i = 1,2, 



(2.34) 



P 2 (Q 4 ) = P 2 (£ l ) + ff 2 (P* n D(0, -)) < 



97T 97T 97T 



4" ~ 16 16 8 
Notice that the set Qq is a C 1 version of P a n -D(0, |), and Q l ,i — 1,2 are its two fiat parts as P£. 

Now suppose that for some t € [§s n , s„), for example the projection p* : E(lD(q n ,t) — > P„nC 1 (g n ,i) 
is not surjective. Then we are going to prove that we can deform E to [Q\Qo] U Q 2 , and deduce a 
contradiction. 

So take a point p € P\ H C (g„, i) which does not admit a pre-image in E n D(q n , t). Since the set 
£4 := £fl D(q n ,t) is compact, its projection p\(E t ) is also compact, which means that we can pick 
p € Pi n C 1 ^, t)\pi(E t ) and r € (0, ^) such that B(p, r) n P^ C P^ H C 1 ^,*)^^), and moreover 
0^P(p,3r). 

Now the set E t C D(q ni t)\p l a (B(p, r)nP^). Take an orthogonal union of two planes Po = Pq Uj_Pq 
in M 4 , denote by p the orthogonal projection on Pq, ft = 1, 2, take a point po S Pd such that d(po,o) = \. 

Then we can easily find a Bi-Lipschitz mapping ip : D{q n ,t)\p 1 a (P(p, r)nP„) — » Z?(0, l)\pj {B{po, j)H 
Po 1 ), such that <p(E t nD(q n ,t)\D(q n , jgS„)) = P nP(0, 1)\£>(0, |) (because in the annulusP(g n ,£)\P(g„, ^s n ), 
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the set E is still a C 1 graph of P a ). 

For any point x € P(0, 1), write x — {x\, x 2 ), where Xi = Pq(x) £ B*(0, 1), i = 1, 2 (P 4 (0, 1) is the unit 
ball of the plane P 4 ). We define $ : D(0, l)\pJ _1 (^((Po, |) n Pq 1 ) -»■ D(0, 1) n P \pS -1 (B((po, |) n Pq 1 ) 
as follows: 

(xi,4x 2 -3),x 2 > |. 
Then ip is a Lipschitz map, which maps [C^O, 1) n C 2 (0, |)] U [P n D(0, 1)] to P n D(0, 1), and 
V>|p naD(o,i) = W. In particular, %b(p{E t )) C P n D(0, l)\pJ _1 (P(po, j) n Pq 1 ). 

Thus the map /i = i^ -1 ot/joip maps P t to P Q n D(q n ,t)\D(q n , ^s„), and /i|snar>(g„,t) = * rf - 
We can extend /i to a Lipschitz map from D(0, ||) — ► D(0, ||), such that /i|Enn(o,^ 2 )\D(< ? „,t) = *^ 

and /l|D(0,|g)\U(0,l) = * rf - 

Then/i is a deformation of E in D(0, |§), which sends PnD(0, §§) to Q \[-B(p,r)nP^], this is the 
union of Q 2 and Q 1 minus a hole B(p, rjflP]. So we can keep on the deformation, and take the map 
fc which deforms Q 1 \[B(p, r) n P„] to a set P 1 = {0} U dQ 1 U C of measure zero, where C is a segment 
that connects the origin and dQ 1 and keeps Q 2 fixed. Then the map / = f% o f 1 sends E\D(0, ||) to 
Q 2 U E 1 , hence the measure 

(2.36) P 2 (PnP(0,g)) = P 2 (Q 2 )<^. 

The map / is Lipschitz, and its restriction to Qo H dD(0, |i) is the identity. We extend / to a 

Lipschitz map on P(0, 1), still denoted by /, such that f — id near the boundary of D(0, 1). Thus by 

the minimality of E 1 and since / does not move E\D(0, ||), we have 

39 39 Q-7T 

(2.37) p 2 (p n P(o, -)) < p 2 (/(p n P(o, -)) < -. 

However since n > 1, we have s n < |. By (1) of Proposition 2.20, we have 

39 

P 2 (P n P(0, -)) > H 2 {G l ) + H 2 (G 2 ) > P 2 (pi(G 1 )) + H 2 (p 2 a (G 2 )) 

QO 1 

= J2 H 2 (p* a nc\o,-)\c\ qn ,- Sn )) 

(2.38) J=1 ' 2 

> ^P 2 (P:n^(o,-)\cx 9 „,-)) 

i=l,2 

,,39, o , 1 , 2 , 1517 9tt 

= 2 X 7T(( — f - — ) = 7T > — , 

u 40 ; v 20 ; ' 800 8 

which leads to a contradiction. 

This completes the proof of Proposition 2.28. □ 
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3 A competitor, and estimates for minimal graphs 

Let 9[, a be as in Proposition 2.20, let e = eo, /j, be chosen later, and let E be as in Proposition 2.11, 
that is, d,Q 1 < A, and E contains no 2P type point in B(0, tht,)- We want to construct a competitor 
for E, and show that if cIq 1 is sufficiently small, this competitor admits necessarily less measure than 
E, and thus leads to a contradiction. 

Let us point out that the condition d^ x < ^ is a general qualitative one, which guarantees that E 
satisfies the regularity properties in Proposition 2.20 and 2.28. To make the necessary finer estimates 
for measures of E and its competitor, we still have to get the "A-near" condition as in Theorem 1.16. 

So by Proposition 2.11, there is a te G]0, ^l, °e €E B(0, ^£o) such that the conclusion in Proposition 
2.11 holds for E. Denote by j l : dB(0, \) fl?*4 P^ the C 1 curve g i | 9B (o,i)nP' • Suppose that 

IMaBto.DnpjIlc 1 < M- 

The idea of the construction of the competitor is not complicated. We take, for each i, a minimal 

graph E l which is the graph of a function /' : B(0, |) n P x a —¥ P l a such that / l |as(o,i)np* = 1 % - Take 
S = S 1 U E 2 . Then hopefully when /i is small enough, these two graphs are very flat at the center, so 
that E is very similar to P a . Thus we can deform E n D a (0, |) to a subset of E in a Lipschitz manner, 
while keeping E n dD a (0, |) unchanged. Hence E contains a competitor of E in D a (0, |). By the 
minimality of E, the measure of E has to be larger than that of E D D a (0, 1). But we are going to show 
that when fj, is small enough, this is not true. 

Before we go down to the following two sections, which will be devoted to giving some estimates for 
minimal graphs, let us already explain what happens. 

We want to compare the measures of E ("1 D a (0, |) and E. Outside D(oe, jqTe), by Proposition 
2.20, E is also composed of two C 1 graphs G l on the two annuli P' l a n B(0, ^)\C 1 ((oe, Jq t e)- So in this 
part, our goal is to compare the surface measure of E 1 and G l , that is, the graph of /* and g l . Notice 
that /' and g % coincide on dP l a n dB(0, |), and on P l a n 8B(oe, jd r E), g l is supposed to be e-far from 
any plane, while p is almost a plane (this is the main result of Section 4). Then Section 5 is devoted 
to estimating the difference between these two graphs. 

So this will help estimate the difference between measures of E and E on the annulus region 
D a (0, ^)\D(oe, To r E)- For the part of E n D(oe, jq^e), we estimate its measure by using projections. 

4 Existence and estimates for derivatives for minimal graphs 

Denote by B = B(0, l)nIR 2 the unit disc in R 2 . Let 7 be a C 1 function from dB to M 2 . Now by Theorems 
4.1 and 4.2 of [8], there exists a function / : B ->• R 2 , whose graph Ey = {(x, f(x)) : x e B} C K 4 is 
a minimal surface, f\dB — 7, and / e C°(B) n C°°(B). In particular, by (c) of Theorem 4.1 of [8] and 
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the maximum principle for harmonic maps, we have 

(4-1) H/Hoo < ||7lU~(8B)- 

Now suppose that [i = max{||7||£oo(aB), ||^?7||z,oo(aB)} is small, then by (4.1), ||/||oo < M is small. 
We want to prove that |V/|, |V 2 /|, |V 3 /| are also small in a neighborhood of 0, and are controlled by 
jjl. More precisely, we state the following proposition. 

Proposition 4.2. There exists /i > 0, such that for any fi < /1q, there exists a constant C(/i), with 
lini^o C([i) = 0, such that if f is a minimal graph on B(0, 1), with 

(4-3) max{||/| aB(04) || oo , ||I>/|as(o,i)lloo} < M, 

then 

(4-4) max||V7||Loo( S ( 0) |))<C( M ). 

0<2<3 4 

Proof. 

First let us apply a regularity theorem on varifolds to get the initial estimate for V/, and then we 
can go into the machine of estimates for elliptic systems. Before stating the theorem, we give some 
useful notations below. 

G(n,d) denotes the Grassmann manifold G(M. n ,d); 

for every T £ G(n, d), we denote by tt^ the orthogonal projection on the <i-plane represented by T; 

for every measure v on R", 6 d {v 1 x) = lim r _5.o - (d V r J (if the limit exists) is the density of v on x, 
where a(d) denotes the volume of the <i-dimensional unit ball; 

V d (R") denotes the set of all d-varifold in E", i.e. all Radon measures on G d (M. n ) = E" x G(n, d); 

for each V e V d (R' 1 ), ||V|| is the Radon measure on E™ such that for each A C R n , \\V\\(A) = 
V(G d (R n )D{(x,S):xeA}); 

S(V) denotes the first variation of V, that is, the linear map from X(R n ) to E, defined by 

(4.5) SV(g) = J Dg(x) ■ n s dV{x, S) 

for g <G £(R"). Here X(M") is the vector space of all C°° maps from E" to E™ with compact support. 

In our case, we are only interested in rectifiablc varifolds. In fact, with each d— rcctifiable set E we 
associate a d— varifold, denoted by Ve, in the following sense: for each B C E" x G(n,d), we have 

(4.6) V E {B) = H d {x : (x, T X E) € B}. 

Recall that T X E is the d-dimensional tangent plane of E at x; it exists for almost all x € E, because E 
is d— rectifiable. Then ||Ve|| = H d \E- Moreover, the density ^ (|| V^;| j, a;) exists for almost all x € E. 



Theorem 4.7 (cf.[l] Regularity theorem at the beginning of section 8). Suppose 2 < d < p < oo, 
q = -^zr- Corresponding to every e €]0, 1[ there is r\ > with the following property: 
Suppose < R < oo, 0<A<oo, V e Vd(M"), a e spt||F|| and 
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1) e d {\\V\\,x) > A for \\V\\ almost all x € B{a,R); 

2) \\V\\B{a,R) < (l + n)\a(d)R d ; 

3) SV(g) <rj\pR^(f\g\ q \\\V\\)« whenever g € £(R") and spt g c B(a,R). 

Then there are T G G(n,d) and a continuously differ entiable function F : T — > R™ , such that 
7Tt o F = It, 

(4.8) \\DF(y) - DF(z)\\ < e(\y - z\/Rf~p whenever y,z ET, 
and 

(4.9) B(a, (1 - e)R) n sp*||V|| = B(a, (1 - e)R) n image F. 

Remark 4.10. 1) In the theorem, since ttt ° F ~ It, we can see that F is in fact the graph of a C 1 
function f, defined by f(t) — i T ±f(i), with t € T, ir T i- the orthogonal projection on the orthogonal 
space T 1 - of T . Moreover ||£>/(t)|| < \\DF(t)\\ for all t G T. 

2) If E is a minimal surface, then Ve is stationary, i.e. 5Ve = 0. Hence the condition 3) is 
automatically true. In fact if we set gt(x) = (1 — t)x + tg(x), then 

(4.11) SV E (g) = j t H d {gt{E n sptg)), 

which can be deduced from the area formula. Thus if E is a minimal surface, SVe = 0. 

Now we want to apply Theorem 4.7 to our set T,f, so we have to check all the conditions in the 
theorem. We take A = l,a = (0, f(0)),R = 1, then 1) is true, by the fact that Ey is a C°° manifold; 
3) is true by the Remark 4.10 2); for 2), notice first of all that B(a, R) n E/ C £/, so we just have to 
estimate the surface of £/. Notice that Lip 7 < /x, hence for the length of the graph of 7, denoted also 
by 7, we have 

(4.12) | 7 |=/ Vl + I^7| 2 < I V / r+7?=27r(l + M 2 ). 

JOB JOB 

Now by the isoperimetric inequality for minimal surface (cf. [3]), we have 

(4.13) 4 7 r# 2 (£ / ) < | 7 | 2 = [2tt(1 + m 2 )] 2 , 
which means 

(4.14) ^ 2 (S/ n B(a, R)) < H 2 (Y, f ) < (1 + y 2 ) 2 -*. 

Hence we can take /1 small enough such that 2) holds for some 77, such that (4.8) and (4.9) are true 
for some e small, which give us that 

(4-15) ll/llc^(B(o,|)) < CiGu), 

with lim^^o Ci(m) = 0- 

Remark 4.16. We might be able to use only the estimates for elliptic system to get this initial estimate, 
without using the powerful Theorem 4-7. 
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For estimating higher order regularity of /, we have to refer to the minimal surface equation system 

and put everything in the machine of elliptic system. 

First we give some notations. 

, ■. I a b \ , „ , I a b 

Denote by M 2 (R) the set of 2 x 2 matrices on R. For any e M 2 (R), denote by 

\ c d J \ c d 

a 2 + b 2 + c 2 + d 2 , and for any I & G M 2 (R), define < | 1,1 i >= aa' + W + cd + dd'. 

' \c' d! J \c d) \c' d' 

(a b \ ( a b 

G M 2 ( 
c d I \ c d 

M 2 (M). 

For any domain Q C R 2 , for any differentiable function h : O — > R, denote by h x , h y its two partial 
derivates. For any C 2 function h = (ft 1 ,/! 2 ) : M 2 — >• M 2 , with /i* : R 2 — >• R two C 1 functions, denote by 

,'fci ^\ . . . I f l f 

Vh the matrix valued function . And for any matrix valued function f = 




we define divf = {fl + f y , f 2 + f^ € » 2 
Then we have 

(4.17) H 2 {^ h ) = f ^l + \Vh\ 2 + (dctVh) 2 . 

Denote by S(h) = \Vh\ 2 + (dct V/i) 2 for any h. 

Yif is a minimal submanifold, hence it is stable with respect to any local perturbation. More precisely, 
for any C°° function if : B — > R 2 with y|as = 0r2, we have 

(4-18) j t \ t ^H 2 (T. f+tv ) = (). 

(4.17) and (4.18) gives that, for any C°° function ip : B — *• R 2 with <p\gB — Or 2 , 



0=-\t=oj Vl + |V(/ + MI 2 + (dctV(/ + ^)) 2 

= / s ||t=o a/1 + | V(/ + Ml 2 + (det V(/ + M) 2 

(419) A || t= o<V(/ + ^),V(/ + ^)>+|| t=0 (dctV(/ + ^)) 2 



2^1 + 5(/) 
<V/,Vy>+dct(V/)^| t=0 (dctV(/ + ty)) 
a/1 + 5(/) 



1G 



, A B \ a b 

Denote by V/ = , and Vip = 

CD \ c d 



then we have 



det V '(/ + tip) = det 



A + ta B + tb 



(4.20) 



Therefore 

(4.21) 



d_ 
dt 



Combining with (4.19), we get 

(4.22) 



C + tc D + td 
: (A + ta)(D + td) - (B + tb)(C + tc) 
det V/ + t 2 dot Vip + t(aD - bC - cB + dA) 
detV/ + t 2 dctV(^ + i< (V/)*,V<£> . 

(det V(/ + **>))=< (Wf)*,W(f> . 



< v^(wp ! =fl 



for any C°° function if : B — > M 2 with ip\dB = 0. Hence we have 

y I + det{v f)(v if 



(4.23) 



div(- 



(0,0). 



v/1 + 5(/) 
This means, / satishes the elliptic system (4.23). Denote by / = [u, v), with u, v two functions from 

B to BL Denote by u x ,u y ,v Xl v y the partial derivatives of / for short, and we write the system (4.23) 

in the standard non-linear form below 



(4.24) 



d (l+V 2 y )U X - {V X Vy)Uy d (1+VpUy ~ (V X Vy)U X = 

dx [ V 1 + S(f) dy [ V 1 + S(f) ' 

d (l+U 2 y )v x -(u x Uy)v y ] ^ d l (l+U 2 x )v y -(u x U y )v X ] = n 

dx [ 



V 1 + s(f) 



dy 



yfi + S(f) 



Now set, for any | ° | e M 2 (M), T & I = 1 + a 2 + b 2 + c 2 + d 2 + (ad - be) 2 , and 



c d 



a; 



(4.25) 



A" 



a b 
c d 



a b 
c d 



c d 



(1 + d 2 )a -bed I a b \ _ (1 + b 2 )c - abd 

c d 



\ 



T 



a b 



\ 



T 



a 6 



(1 + c 2 )b -acd I a b \ _ (1 + a 2 )d - abc 



\ 



T 



c d 



\ 



T 



a b 
c d 



Then these functions A\,i,j = x,y are C°° near the origin, and for any compact neighborhood K 
near the origin, all its derivatives are uniformly controlled by some constant depending on K . 
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The system (4.24) becomes 
(4.26) 



D x (A*(Vf)) + D y (A*(Vf)) = 0, 

D x (Al(Vf))+D y (Al(Vf))=0. 



(4.27) < 



We differentiate (4.26) with respect to x, we have 

' D x [D a A x (W.f) ■ D x u x + D b A%{Vf) ■ D x v x + D C A%(V f) ■ D y u x + D d A%{V.f) ■ D v v x ] + 

D y [D a A x (V f) ■ D x u x + D b A x (Vf) ■ D x v x + D c A x (Vf) ■ D y u x + D d A x (V f) ■ D y v x ] = 0, 
D x [D a Al(V ,f) ■ D x u x + D b Al(Vf) ■ D x v x + D c A y x {^f) ■ D y u x + D d A x (Vf) ■ D y v x } + 

D y [D a A y y {V f) ■ D x u x + D b A y y (Vf) ■ D x v x + D c A v y (Vf) ■ D y u x + D d A y y {V f) ■ D y v x ] = 0. 
This means that the function (u Xl v x ) satisfies the above system, with coefficient matrix 

(D a A x x {V.f) D c A%{Vf) D a Ay(Wf) D c A%(Vf)\ 
D a A x y {V.f) D c A x (W.f) D a Al(Wf) D c Av(W.f) 
D b A x x (V.f) D d A x x {V.f) D b Al{Vf) D d Al(V f) 

\D b A x (Vf) D d A x y (Vf) D b AV(Vf) D d Ay(Vf)J 

We calculate the partial derivates of A J i7 i,j = x, y, for | <G M2QR), and get 

c d I 



(4.28) 



A{Vf) = 



(4.29) 



A 



a b 



V 



l+d 2 -(A*) 2 

vt 

-A%A%-bd 

VT 
-AZAl-cd 



-Af J A 1 >+2bc-ad 



-A*A x -bd 



-AZAl-cd -AlAZ+2bc-ad- 



VT VT 

l+b 2 -(A*) 2 -A*AZ+2a.d-bc 

Vt Vt 

-AlA v y +2ad-bc l+c 2 -(A») 2 

Vt Vt 



Vt 

-AlAl-ac 



l+a 2 -{AD 2 



Vt vt 

We can observe that when a, b, c, d are small enough, A 



VT 



VT 



a b 
c d 



satisfies the strong elliptic condition 



(3.12) in [7], hence the coefficient matrix A(Vf) of (4.29) satisfies the strong elliptic condition, when \i 
is small. Moreover the C°' a norm of A(Vf) is also controlled by H/Hc 1 .") an d hence by /z. 
Hence for the function (u x ,v x ), by Caccioppoli's inequality (cf.[7] Theorem 4.4), we have 

(4-30) l|V(«x,«x)|| ia( B (0f |)) < ^ll(«x,Vx)|| La( B ( o,|)) < C\\f\\c^, 

where C depends on the C '' 7 norm of the coefficient matrix A(Vf), hence by H/Hc 1 ."; hence by //. 
Then by the Schauder estimates (Theorem 5.17 of [7]), we have 

(4.31) l|V(ux,v*)Hco.*(5(o,?)) < C(^)\\\7(u x ,v x )\\ L2moi)) < C\\f\\ C i„ < C' 2 (u), 

where C' 2 (n) —¥ while fj, -> 0. 

We differentiate the system (4.26) with respect to y, and get the same estimation 

(4.32) I|V(u2„Vj,)|| C o,. ( ;b(o ,§)) ^ c 2^)- 
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Hence we get 
(4-33) 11/11^(5(0,1)) < C 2 (n), 

with lim^^o C 2 {ij) = 0. 

We still need to estimate V 3 /. For this we differentiate the system (4.27). We set g\ = u x ,g 2 — v x , 
and for i = x,y,j = 1,2, set p x \ = a,p x2 = b,p y i — c,p y2 = d. Then (4.27) becomes, 

(4.34) J2 D "( E D Pij Ai(Wf) ■ D i9j ) = 0, for /3 = x, y. 

Oi—x,y i=x,y,j=l,2 

Now we differentiate it with respect to s, for 5 G {x,?/}, and get 

(4.35) J2 D a ( J2 D Pi] Ai(Vf)-D l (D s g J ))+ J2 D a ( £ D Pi .D s A^f) ■ D i9j ) = 0, 

a— x,y i— x,y,j= 1,2 a—x.y i=x,y,j =1,2 

ft = x^y. I.e. the function (D a g\^D 8 g2) satisfies the elliptic system 

(4.36) ^ £> a ( ^ £> Pi .^(V/)-A(i5 sft )) = - ^ D Q ( £ D Pi .£» s ^(V 7) • D i9j ). 

a—x,y i— Xl y,j — 1,2 a—x.y i=x>y,j=l,2 

Notice that the left hand side of the system is exactly the same as (4.34), hence the function 
(D s gi, D s g2) is a solution to the elliptic system 

(4.37) J2 D a ( J2 D Pij Ai(Vf)-D i (D s9j )) = -J2 D c*( E B tf)> 

a—x.y i=x>y,j=l,2 a—x^y i=x,y,j=l,2 

where B"f = D Pij D s A^(Vf) ■ Digj, hence ||-Bf'- He '" is controlled by ||/||c ,2 - o 'i which is controlled by 
C 2 (fi), and is small. 

We apply again the Caccioppoli's inequality for (D s gi, D s g2), and get 

(4.38) 
||V(D sffl ,D s52 )|| L2( 3 (0i|)) <C(||(D sffl ,D sff2 )|| 2 L2(5(0ii) + || Y. E B tf 11^(5(0,?))' 

a— a:,y,/3— x,y z— x,y,j — 1,2 

<C(||V/||^ (0|) )<^(m), 

with lim^^o C^(m) = 0- 

Then we apply again the Schauder estimates (Theorem 5.17 of [7]), and get 

\\V{D s9 i,D s92 )\\ C o, -(b(o,|)) ^ C'(l|V(I> a 5i, -D s 52)|li2 (B(0i |)) + II E B i/\\c<>-*(B(o,%))) 

(4.39) i=x,3/,j=l,2 

< CZdx), for s = x,y, 

with lim^^o C3 (m) = 0- 

Recall that (31,32) = (Wx>^a;)- We repeat the same argument for (u y ,v y ), and altogether we have 

(4-40) l|V 3 /llc^(s(o,f)) ^M, 

with lim^^o Cz{n) = 0. 

Combining (4.1), (4.15), (4.33) and (4.40), we have that for any jjl small, there exists a constant 
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C(fi), with lim^^o C{jjl) — 0, such that if / is a minimal graph on B(0, 1), with 

(4-41) maxdl/U^DllL 00 , ||Af U(o,i)l|£°°} < /*> 

then 

(4-42) m^J|V7IL=o( S( o,i)< W 

0<2<3 v 4 

Thus wc complete the proof of Proposition 4.2. □ 



5 Estimates for perturbations around a minimal graph 

Denote by B = B(0, 1) n K 2 the unit disc in R 2 . Let q e B(0, 3^), and set S r = B(g,r) for r > 0. 
Fix any e and / less than 10 -4 , let /1 < 10~ 4 be small. (Here in this section the three are independent; 
in the next section, I will be chosen first, and then e will depend on I, and both will be fixed at the 
beginning, while [i will be supposed to be much smaller than these two, and will be decided later.) Let 
/ be a function from B to K 2 whose graph T,f = {(x, /(x));x G B} C K is a minimal submanifold in 
M 4 , with H/lasllc 1 < M- Let ft, be a C 1 function from A r := B\B r to M 2 with ft|gB = 0, Lip h < I, and 
there exists a vector M £ M 2 such that for any x € <9_B r , |/i(x) — M| < er. Denote by £/+h the graph 
of / + h on the annulus A r . 

Proposition 5.1. Take all the notations and assumptions above, then 

(5.2) H 2 {V f+h )-H 2 {Vf)>\J \Vh\ 2 -Cr 2 (v + ^ + Co(ri), 

where lim /J _ 5 .o Co(m) = 0- 

Proof. Now let us compare £/+h and £/ above A r . We have 

H 2 (Z f+h ) - H 2 (Z f ) = / Vl + S(f + h) - y/1 + S(f) 

J A r 






-1) 



But 

(5.4) 



S(f + h)- S(f) = [|V(/ + h)\ 2 - |V/| 2 ] + [(dct V(/ + h)) 2 - (det V./f] 
= [2 < V/,V/i > +|V/i| 2 ] + [< (V/)*,V/i > +detV/i)][2detV/ + detV/i+ < (V/)*,V/i >]. 

Notice that |V/| < 2,u, |(V/)*| < 2,u is small, and | det V/| < |V/| 2 , |detV/i| < |V/i| 2 , therefore 

; +fe)-s( 

1+S(/) 



\S(f + h)- S(f)\ < 1 since \Vh\ < I is small. But S(f) > 0, hence | ^TTsTJT^ I < L For an y M < l 



we have 



2 2 

X s2 # ^/ 1 , -^ * 2 '\2 



(5-5) l + x=(l + -) 2 - T >(l+2~ z[ 
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hence 



,,„, / S (f + h)-Sjf) , 1 S(f + h) - S(f) 1 S(f + h)-S(f) 2 

( } V 1 + S(/) - * + 2 1 + S(f) 4 ( 1 + S(/) } ' 

which gives 

i/ (s /+ ,)-h ( S/ ) > y^ vi + 5(./)(- 1 + 5(/) -( 1 + 5(/) ) ) 

(5 ' 7) i } s(f+h)-s(f) i /■ (5(/+m-^(/)) 2 



2 Ja„ Vi + 5(/) 4,/ Ar (i + s(/))§ 

For the first term, by (5.4), 

1 /" S(/ + ft) - S(f) 1 /" 2< V/,V/i> + |V/i| 2 + 2dctV.f < (V/)*,V/i> 



2 -V v/l+W) 2 V a/1 + S(/) 

1 /" 2< (V/)*,Vfe>dctV/i+< (V/)*,Vfe> 2 +2detV/tdetV/+|detV/i| 2 

(5 - 8) 2 A r >/r+s(7) 

> / <V/ ' Vfe>+ ^ |Vfe|2 + dCtV/<(V/) ^ Vfe> (2„-H») [ |V/f 

JA r y/l + S(/) JA r 

But S(f) < 5/i 2 , hence 1+i L f \ > §, hence we have 

1 f S(f + h)-S(f) ^ f V/ + detV/(V/)* _ lxl H ,_ k|2 



(5 - 9) ^ A, Vw" - A. < \/i + s(/) • 7 " > + s A, ' Vft ' 

By (4.23), and the hypothesis that h\dB — 0, we have 

< v/ + dctv/ ( v ^,vfr> 

a. a/1 + 5(/) 

9A r a/1 + S(/) L r a/1 + 5(/) 

/* , r ^ V/ + detV/(V/)* n 

(5 - 10) -JU <*■'»• \/ 1 + 5(/) [> 

< (1(+1 -M|,|,5ffff 1 > 

,r /" r- V/ + detV/(V/)*, /" ,,, ,, r ^ V/ + detV/(V/)*, 

For the second term of (5.10), since \M — h\ < er, Lip/ < /u, and |rfeiV/| < 2|V/| 2 < 2^ 2 < \x since 
fi is small, we have 

(5.11) | / <(M- h), [n ■ V/ + d ^ff /r ] > | < / er(2 M ) < 4^. 

For the first term of (5.10), first by Taylor expansion at the point 0, we have, for any x G dB r , 
(5-12) Vf(x) = V/(0) + x • V 2 /(0) + oi (r), 

(5-13) (V/)*(x) = (V/)* (0) + x • V(V)*/(0) + o 2 (r), 

(5.14) det(V/)(x) = det(V/)(0) + x- Vdet(V/)(0) + o 3 (r), 
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(5.15) (x)= . ^(0) + rV( . )(0) + o 4 (r) 

where |oi(r)| < r 2 ||V 3 /IU~(B(o,r)), |o 2 (r)| < r 2 ||V 3 .f || L » (B(0ir)) , |o 3 (r)| < r 2 ||V 2 d e t(V/)|| L ^ (B(0!r)) , 

|o 4 (r)|<r 2 ||V 2 ( Vi+ 1 s(/) )|| L ^ (i?( o, r )). 

Hence we have 

(5.16) 

V/ + detV/(V/)* _ 

y/1 + W) 

{V/(0) + x • V 2 .f (0) + oi (r) + [det(V/)(0) + x • V det(V/)(0) + o 3 (r)][(V.f)*(0) + a: • V(V)*/(0) + o 2 (r)}} 

' =(0) + x-V(-^=i==)(0) + O4(r)] 



= {[V/(0) + det(V/)(0)(V/)*(0)] + a: • [V 2 /(0) + Vdct(V/)(0)(V/)*(0) + det(V/)(0)V(V)*/(0)] + o(r)} 
[ ; X (Q) + a; .v(— J )(0) + o(r)] 

= [V/(0) + det(V/)(0)(V/)*(0)]— =L=(0) 

V 1 + b\t) 

+ * • H i== (0)[V 2 /(0) + Vdct(V/)(0)(V/)*(0) + dct(V/)(0)V(V)7(0)] 

+ [V/(0) + dct(V/)(0)(V/r(0)P • V( ,* )(<>)] + o(r), 

V - 1 ' byj) 

where all the o(r) in (5.16) satisfied that \o(r)\ < Cor 2 , where 

(5.17) C = C(||V/|Uoo B(0ir) , ||V 2 /lk~B(o,r), ||V 3 /|| L ^ B(0ir) ) 

tends to as ||V/ || L ~B(o,r), l|V 2 /llL»s(o,r), l|V 3 /IU»B(o,r) tend to 0. 
Therefore, 

(5.18) 

<MI [f ,,V/H-detV/(V/r 



dB r 



V l + s(f) 



<\<M, ( [ft- [V/(0) + det(V/)(0)(V/)*(0)]— j=i==(0)] > | 
Jas, v /l + 6(/) 

+ \<M, [ [n-(x- i= (0)[V 2 /(0) + Vdct(V/)(0)(V/)*(0) + dct(V/)(0)V(V)*/(0)])]| 

J9B, v /l + 6(/) 

+ \<M, [ {n.[V;(0)+dct(V/)(0)(V/r(0)][x-V( — i== )(0)]} >\ + \<M,f o(r) > |. 

J9B r v /l + 5(/) Jss,. 

For the first term of (5.18), since [V/(0) +det(V/)(0)(V/)*(0)] , 1 . (0) is a constant matrix, which 
we denote by V , and hence we have 

(5.19) <M,f n-[V/(0) + det(V/X0)(V/)*(0)] 1 (0) >=< M, ( / n) • V >= 

because f gB n = 0. 
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For the second and third term of (5.16), notice that \x\ = r, V/ < /i, hence their sum is less than 

(5.20) C/ir 2 + C|V 2 /(0)|r 2 < (C/j, + CC )r 2 , 

where Co is as in (5.17) and C does not depend on /i, e. 

For the last, by the previous control on o(r), this term is less than Cor 3 . 
Altogether we have 

(5.2D !-<m,/ P- 7/+ ;?: v i ( : /r ]>i<^> +C0 ). 

JdB r y/l + S(f) 

Combining with (5.11) and (5.9), we have 

1 f S(f + h)-S(f) ^ 1 f ._ u2 „,, 



(5-22) -/ " ,' , >o / W-Cr'(» + vLe+ C ), 

where C does not depend on /j,, I and e. 

Recall that this is the estimation for the first term of the last line in (5.7). Now we treat its second 
term. 

By (5.4), we have 

\S(f + h)-S(f)\ 

=|[2 < V/,V/i> + |V/i| 2 ] + [< (V/)*,V/i> + detV/i)][2dctV.f + dctVh+ < (V/)*,V/i>]| 
(5.23) 

<2|V/||Vfc| + |V^| 2 + (|(V/)*||V/»| + |V/i| 2 |][2|V/| 2 + IV/^I 2 + |(V/)*||Vft|] 

<C(|V/||Vft| + |Vh| 2 ) < C/a|V/»| + C|Vh| 2 , 
therefore the second term of (5.7) verifies 

/ 5 _ 24 ) 4 ^r (l + "5(/)) 2 ^A- 



>--/ (c Ai |v/,| + qv/,| 2 )>-c(^ + ||v/i|| 2 ) / |v/z| 2 . 

4 J A r J A r 

On combining (5.7), (5.22) and (5.24) we get 

H\V f+h )-H\V f )>\( \Vh\ 2 -Cr 2 ( j i + l ie + C ) - <V + ||V/»|£,) / |Vfe| 2 

(5.25) Y^ ^ 

> (o - <V - CJ 2 ) / |V/i| 2 - Cr 2 ((i + fie + C ). 
-J Ja t 

But Lip h < I is small, hence we have 

(5.26) H 2 {T, f+h ) - F 2 (S/) > 1 / |V/i| 2 - Cr 2 (/* + /ie + C ). 

4 JA r 

Now we apply Proposition 4.2, and get that when r < | and /i is small enough, 

(5.27) C = C {\\Vf\\ L ao B(0 ,r), l|V 2 /|Uoo S(0 , r ), ||V 3 /IU«B(o,r)) = C (C(n)) = C (n), 
with lim^-^o Co(m) = 0. Thus we have 

(5-28) H 2 (X f+h )-H 2 (X f )>^[ \Vh\ 2 -Cr 2 (u + ne + C (u)). 
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n 



6 Conclusion 

Now return to our set E. Recall that a is a pair of angles larger than $[ > |. E is a reduced closed set 
that is minimal in P(0, 1), which contains no 2P type point in P(0, jkr,)- 

Set I = 1CP 3 , and suppose that dg x < /i < min{^, |}, n is to be decided later. 

We apply Proposition 2.11 to E, with e' = minjei , 10~ 4 }, (where ei corresponds to ^ m Proposition 
2.20), and get our oe and rg. Then Te < \- 

Let 7% 5*, as in Section 3. Suppose that 

(6-1) || 7 i || C i</i,i = l,2. 

By Theorem 4.1 and 4.2 of [8], for each i there exists a function /* : B(0, |)(~lP^, — *■ P^ , whose graphs 
S J = £ /4 = {(a;, /(a;)) : x e B(0, |)nP^} C M 4 arc minimal surfaces. Denote by B l {x,r) = B{x,r)C\P l a . 

On the other hand, we want to show the part of E in the annulus D a (oE,rE)\D a (oE, \te) is far 
from any translation of P a . Recall that Proposition 2.11 says that E is e'r^ far from any translation 
of P a in the ball D a {pE,TE)- So for having a relatively big distance in the annulus, we simply use a 
compactness argument, and can get the following proposition. (See [9] for the proof). 

Proposition 6.2 (cf.[9], Corollary 8.24). For every e > 0, there exists < 5 < e, and < 9q < f , 

which do not depend on e, with the following properties. If 9q < 8 < -| ; and if E is minimal in Dq(0, 1) 
and is S near Pg in Dg(0, l)\Dg(Q, ■£), and moreover 

(6.3) ^)3^nB(0,|), 

then E is e near Pg in Dg(0, 1). 

Let 6' be the (5 corresponding to e' in Proposition 6.2, we know that E is not 5'te near any translation 
of P Q in D a (oE,rE)\D a (oE, j^e)- On the other hand, by definition of oe and t\e, we know that the 
e'-process does not stop at the scale 2r E , thus by Proposition 2.20, E n D a (o E ,r E )\D a (oE, \r E ) is 
composed of two fine C 1 graphs G l ,G 2 of two functions g l ,i = 1,2 on P^ n D a (oE,rE)\D a (oE, \te) 
respectively. Thus G 1 U G 2 is not 5'te near any translation of P a , there exists i = 1,2 such that G l is 
not 8' near any translation of P l a in D a (oE,rE)\D a (oE, j^e)- Suppose this is the case for i = 1. 

Denote by g = g , / = / , and h = g — f. We want to apply Proposition 5.1 to / and h, with 
B(g,r) = B 1 (oe : \ r E) (hence q = oe,t = \te)- Recall that we have set e' < ei, hence \Vg\ is smaller 
than |, which gives |V/i| = \V(g — f)\ is smaller than \Vg\ + |V/| < \ + \x < I cause \i is supposed to 
be less than |. 

Also, by Proposition 2.11, G 1 is still 2e'rE near some translation of P^, hence there exists M g £ 
P^ such that |<?(a;) — M g \ < 2e'rE = 8e'r. But / is /i-Lipschitz, hence there exists Mf such that 
\f(x) - M f \ < C[ir on dB(q,r), which gives \h - (M g + M f )\ < 9e'r < 10 _3 r on dB(q,r), when \x is 
small. 
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Now we can apply Proposition 5.1, and get 
(6.4) H^G 1 ) EPp^&ioE, \te)) = H\V f+h ) H\V f ) >\J^ \Wh\ 2 - Cr\n + e> + C Q (ji)), 

with A r = B 1 (0, l)\B(q,r). 

Now we want to estimate J A |Vft.| 2 . Recall that on B 1 (oe, ?"b)\-B 1 (ob, \te), the graph of g is 5'r E 
far from any translation of P^. On the other hand / is /i-Lipschitz, hence when /i is small, the graph of 
h = g — f is 2^' r E f ar from any translation of P^. 

Firstly we cite here two lemmas for estimating the Dirichlet's energy of our perturbation function h. 

Lemma 6.5 (cf.[9], Corollary 7.23). Let rtj > 0, q € R 2 be such that r^ < ^d(q,dB(0,l)), suppose 
u e C 1 (dB(q,r ) n R 2 ,R), and denote by m(u ) = ^z IdB( q .r ) u o its average. 
Then for all u E ^((^(O, l)\B(q, r )) D R 2 ,R) that satisfies 

(6-6) u\dB(q,r ) = u 

we have 
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(6.7) / \Vu\ 2 >\r^ f |«o-m(«o)| 

J B(0,l)\B(q,r o ) 4 JdB(q,r ) 

Lemma 6.8 (cf. [9], Corollary 7.36). For all < e < 1, there exists C = C(e) > 100 such that if 
0<r o <l,«eC 1 ( P(0,l)\P(0,r o ),R) and 

(6.9) w|as(0,r ) > Sr - -77" aTld U \dB(0,l) < ~7T 

then 

(6.10) / \Vu\ 2 > e^i. 

,/B(0,l)\S(0,r ) |logr | 

Then denote by P — P^ for short. Denote by D = D a . Then h is a map from P to P- 1 , and is 
therefore from R 2 to R 2 . Write h = (if 1,1^2), where ipi : R 2 — >• R. Then since the graph of h is ^#'t\e 
far from all translation of P, there exists j E {1,2} such that 

(6.11) sup \<Pj(x) - Vj{y)\ > -jeS ■ 

x,yePr\D{oE.rE)\D(oE,\r E ) 4 

Suppose this is true for j = 1. Denote by 

(6.12) K = {(z, Vl (z)) : z E (£>(0, ^)\D(o fc) ^r E )) n P}, 

then 

X is the orthogonal projection of G 1 n £>(0, -) 

(6.13) 2 

on a 3-dimcnsional subspace of R . 
For \te < s < te, define 

(6.14) T s = KOp- l {dD{o El s)C\P) = {(i,^(i))|ie9%,s)nP} 
the graph of ipx on dD(o E , s) n P. 
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We know that the graph of ip\ is \8'r E far from P in D(oe,te)\D(oe, \te)\ then there are two 

cases: 

1st case: there exists t € [\tei te\ such that 

5' 
(6-15) sup {\<pi(x) - <pi(y)\} > -^r E , 

x,yer t ^ 

where C = 4C(|) is the constant of Lemma 6.8. 



Then there exists a, b e T t such that \<fii(a) — (fii(b)\ > i^r E > ^t. Since HV^iHoo < HV^Hoo < 1, 



we have 



,2 ^ * 3 *' 3 _ A^3, 2 7 



(6-16) J r ^- m{ ^ ^^ = { 3 tS ' ){ ¥^ ) - 

Now in D(0, |) we have d(0, Oe) < 6e' < 10e' • ^, and s<r£<|<|xi, therefore we can apply 

Lemma 6.5 and obtain 

(6.17) / |V^i| 2 > C{8')t 2 > Ci(^)r|. 

J(D(0,|)\D(o E ,t))nP 

2nd case: for all \r E < s < r El 

(6-18) sup {\<pi{x)~ ipi(y)\}<-=r E . 

x,yer s ^ 

However, since 

-r E 8' < sup{\ipi(x) -<pi(y)\ : x, y e P D(o E ,r E )\D(o E , -r E )} 

(6.19) 2 4 

= sup{|(^i(x) - v? 2 (y)| : s,s' e [-r £ ,r B ],a; G r s ,y e r s /}, 

there exist \r E <t <t' <r E such that 

(6.20) sup (Ma;)-^^)!}^^'. 

Fix £ and £', and without loss of generality, suppose that 

(6.21) sup {^(aO-piG,)}^^'. 

xer t ,j/er t , 4 

Then 

1 8' 2 5' 2 5' 

(6.22) inf ^i(x) - sup ^(x) > -r E 5' - 2-r E = (1 - -^n-)-r E > (1 - t^tt)^' 
^ert i6r t , 4 o 0(2) 4 6(5) 2 

because C = 4C(|). 

Now look at what happens in the ball D(o El t') n P. Apply Lemma 6.8 to the scale £', we get 

(6-23) / |V^| 2 >C(<5'i)^^. 

Then since y < 4, i' > i > 4rg, we have 



(6.24) / \V^>C 2 (5')r E . 

J((D(o E ,t')\D(o E ,t))nP 

So in both cases, there exists a constant C = Cs(5') = min{Ci((5'), 02(8')}, which depends only on 
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6' , such that 

(6.25) / |V<^i| 2 > C 5 (S')r%. 

J(D(0,±)\D(o E ,t B ))nP 

On the other hand, since |V<^i| < \Vh\ < 1, we have 

(6.26) / \Vh\ 2 = / |V/i| 2 > C 5 (S')r%. 

JA r J(D(0,±)\D(o E ,t E ))nP 

Thus by (6.4), 

(6.27) H^G 1 ) - H 2 {T}\C\o E , \r E )) > C 5 (S')r 2 E - Cr|( M + e> + C (m))- 

We apply also Proposition 5.1 to i = 2, where all the verifications for g 2 , f 2 , h 2 = g 2 — f 2 arc similar 
to that of g 1 , f 1 ,g l ■ Hence wc have 

H 2 (G 2 ) H 2 (X 2 \C 2 (o E , \r E )) > - I \\7h\ 2 - Cr E {» + e'/x + C (/i)) 

(6.28) 4 ^P2nD(0,i)\D(o E ,ir B ) 

>-Cr|(/u + c'/i + Co(M)). 

Now we still have to estimate the part inside D(oe, \te)- For this purpose we need the following 

lemma. 

Lemma 6.29 (cf.[9] Corollary 2.45). Suppose £ > is such that arccos(£/2) < ct\ < ct2, and P 1 , P 2 
are two planes with characteristic angles (ai,^)- Denote hyp 1 the orthogonal projection onP l ,i = 1,2. 
Then if E is a closed 2- rectifiable set satisfying p l (E) D B(0, 1) n P l , we have 

(6-30) H 2 (E) > ^. 

We apply Lemma 6.29 to the part E n D (oe, \^e)i and by Proposition 2.28, we get 
(6.31) H 2 (EnD a (o E ,]r E ))>2w{]r E ) 2 



4 " ~ H ' 1 + 2COS6*; 



On the other hand, notice that Lip f 1 < Co (/it) and Lip f 2 < Co(n), we have 
H 2 (^DD a (o E ,]r E ))= f y/1 + S(f) 

4 JP^D a (o E ,\r E ) 

Cg 32) JPi,nD a (o E ,lr E ) 

,. f 1 | C (m) 2 + Cq(m) 4 



/P^nD Q (o E ,ir B ) 
7T 



1 2 Cp( M ) 2 + C (//)\ 

(4^) (! + 2 >' 



therefore 

H 2 (T,n DJnv. . . ., _ , . 

4 *■'> - v 4 y v 2 



(6.33) ff 2 (£ n D a (o E , \r E )) < 2n( l -r E ) 2 (l + ^M!±^M!). 



Thus 

H 2 (Y,C\ r>Jm? _ ,_, , .. . _„, 

4 " v '4 " - v 4 7 v 2 



(6.34) ff 2 (£ n D a (o E , \r E )) - H 2 {E n D a (os, if B )) < 2^r g ) 2 ( C ° (M)2 ± C ° (m)4 + 2cosai). 
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We combine (6.34), (6.28) and (6.27), and get 
ff 2 (£n£>(0,*))-# 2 (£) 



(6.35) 



J2 [H 2 (G l - H^^XC^oe, \r E ))] + [H 2 (E n D a (o E , r E )) - ff 2 (£ n D a (o E , r E )\ 



i=1.2 



>C 5 (6')r E - Cr%in + e'/i + C (jm)) - Cr 2 E (^ + e'/i + C (ji)) 

1 2 Co(//) 2 + C (/i) 4 
-27r(-r_E) ( h2cosai). 

Notice that 5' is just a constant, depending on e', where e' is the parameter for the e'-process, and 
guarantees the regularity for parts of minimal sets where the e'— process does not stop. Hence it does 
not depend on /i or a. Therefore when a is large enough and fi is small enough, 

(6.36) H 2 (EDD a (0, h)-H 2 (Z) > 0. 

Recall that X contains a deformation of E in D a (0, ^), hence (6.36) contradicts the fact that E is 
minimal. 

This contradiction yields that there exists B\ €]0, § [ and /io > such that for any a > d\, if E is 
minimal in -6(0, 1) with do,i(E, P a ) < e' , and moreover (6.1) holds, then E contains a point of type 2P 
in 5(0,^). 

Now for guarantee the condition (6.1), we apply Proposition 2.20 again. Set A = e^. Then when 
do,i(E,P a ) < A, our A-process does not stop before step 1. Then by (2.22), the curves j l admits 
Lipschitz constants less than [i. Thus (6.1) holds. 

Thus when do y i(E,P a ) < A, there exists a point of type 2P in B(Q, jf^)- This completes the proof 
of Theorem 1.16. □ 



7 Global regularity and local C 1 regularity for minimal sets 
that are near 2P type minimal cones 

In this section we give two useful corollaries of Theorem 1.16, concerning global and local regularity for 
minimal sets that are near 2P type minimal cones. 

Theorem 7.1. Let 6\ be as in Theorem 1.16. Then for any a — (01,0:2) with 02 > ol\ > &i, if E is 
a 2- dimensional reduced Almgren minimal set in M 4 such that one blow-in limit of E at infinity is P a 
(i.e., there exists a sequence of numbers r n —} oo, and the sequence of sets r~ 1 {E) converge to P a under 
the Hausdorff distance as n — > 00 ), then E is «P a set. 

Proof. By hypothesis, there exists R > and a P a set P a such that do t ji(E, P a ) < A. Then by Theorem 
1.16, there exists a 2P type point x G E. In particular, the density 9{x) of E at x is 2, which is equal 



2<S 



to the density Ooo of E at infinity. By the monotonicity (cf.[5] Proposition 5.16) of the density function 
Ox{r) = r~ d H d (E n B{x, r)), it has to be constant for r G]0, oo[. By Theorem 6.2 of [5], E is a minimal 
cone centered at x. As a result, d x . r (E, P a + x) is constant for r G]0, oo[, since P a + x is also a cone 
centered at x. But by hypothesis, d x _ r (E,P a + x) — > as r — » oo, hence d x ^ r (E, P a + x) = 0, which 
means that £7 = P a + x. □ 

Theorem 7.2. Lei #i &e os in Theorem 1.16. Then there exists a e > sztc/i that for any a = (ai,ai2) 
wit/i «2 > cti > $i> i/-B is a 2- dimensional reduced Alragren minimal set inU G R , -B(a?, lOOr) C ?7, and 
i/iere is a reduced minimal cone P a +x of type P a centered at x such that d x> ioo r (E, P a ) < e, then there 
exists a minimal cone P a i of type 2P such that there is a C 1 diffeomorphism $ : B(x, 2r) —> $(i?(x, 2r)), 
such that |$(y) - y\ < 10~ 2 r for y £ B(x,2r), andEC\B{x,r) = <b{P a >) Ci B(x,r). 

Proof. Let A be the A in Theorem 1.16. Let e = minJY^A, ei}, where ti is the one in Corollary 12.25 
of [6]. Then by Theorem 1.16, d x ^ r (E 7 P a ) < 200d Xt ioor(E,P a ) < |A yields that there exists a point 
y E B(x, jkrjr) of type P a > for some angle a' . 

But P a i n dB(0, 1) is a disjoint union of two circles, and circles verifies the property of full length 
because of angles, hence by Remark 14.40 of [6], P a i is a minimal cone with the full length property 
because of angles. We apply Theorem 1.15 of [6], and get the conclusion. □ 
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